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Constitutive equations for class of materials that possess granular microstructure can be effectively
derived using granular micromechanics approach. The stress–strain behavior of such materials depends
upon the underlying grain scale mechanisms that are modeled by using appropriate rate-dependent
inter-granular force–displacement relationships. These force–displacement functions are nonlinear and
implicit evolutions equations. The numerical solution of such equation under applied overall stress or
strain loading can entail signiﬁcant computational expense. To address the computations issue, an efﬁ-
cient explicit time-integration scheme has been derived. The developed model is then utilized to predict
primary, secondary and tertiary creep as well as rate-dependent response under tensile and compressive
loads for hot mix asphalt. Further, the capability of the derived model to describe multi-axial behavior is
demonstrated through generations of biaxial time-to-creep failure envelopes and rate-dependent failure
envelopes under monotonic biaxial and triaxial loading. The advantage of the approach presented here is
that we can predict the multi-axial effects without resorting to complex phenomenological modeling.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Wide variety of materials such as asphalt concrete, soils, poly-
mers, and soft materials exhibit inherent nonlinear rate and time
dependent mechanical behavior. A large number of constitutive
models have been proposed in the literature to model nonlinear
viscoelastic solids (Abu Al-Rub and Darabi, 2012; Darabi et al.,
2011; Drozdov, 1997; Green and Rivlin, 1957; Lai and Bakker,
1996; Pipkin and Rogers, 1968; Schapery, 1969, 2000; Wineman,
2009). Comprehensive reviews about the developments in model-
ing such materials are provided by Wineman (2009) and Schapery
(2000). The current constitutive relationships proceed from a phe-
nomenological viewpoint and describe the macro-scale behavior
without directly modeling the micro-scale mechanisms, such as
(a) the microstructural changes occurring due to deformation
and (b) the inﬂuence of molecular effects on the nonlinear proper-
ties of viscous solids. We have recently developed a constitutive
model for nonlinear rate dependent materials with damage based
upon granular micromechanics approach that incorporates the
underlying sub-RVE scale mechanisms (Misra and Singh, 2013).The granular micromechanics approach provides a suitable
method for obtaining constitutive relationships for a class of mate-
rials that possess a granular microstructure. The stress–strain
behavior of these materials is, generally, complex and critically
depends upon the underlying mechanisms that occur at the scales
of grain-interactions. Therefore, modeling methodologies that
account for the underlying mechanisms, and explicitly model
material microstructure and inter-granular behavior, are expected
to provide better insight to the material stress–strain behavior. The
granular micromechanics approach traces its genesis to the contin-
uum models of grain packings developed in the second-half of the
last century (see for example Chang and Misra, 1989, 1990;
Deresiewicz, 1958; Digby, 1981; Duffy and Mindlin, 1957; Jenkins,
1988; Walton, 1987). In this sense, this approach is based upon a
similar particulate view as the discrete element method (DEM);
however it utilizes homogenization methods to obtain continuum
description of the granular materials. The resultant model offer the
versatility of investigating the inﬂuence of both the macro-scale
and the grain-scale parameters on the overall stress–strain re-
sponse by incorporating the effect of nearest neighbor grain inter-
actions through the inter-granular force–displacement
relationship and orientation vector. The advantages are clear since
the computational needs are far smaller than that of DEM, the
model incorporates macro-scale parameters such as material
A. Misra, V. Singh / International Journal of Solids and Structures 51 (2014) 2272–2282 2273density and inherent and loading-induced anisotropies, and can
readily represent micro-scale effects of particle interactions,
including rate effects. It also noteworthy that the granular microm-
echanics approach has antecedents in the early development of
continuum mechanics in the work of Navier (1827), Cauchy
(1826–1830) and Piola (dell’Isola et al., 2014). The approach has
been applied widely by Chang and coworkers to study granular
soils (Chang and Hicher, 2005; Chang and Liao, 1994; Chang and
Ma, 1992; Chang et al., 1992). The resulting models, for certain
conditions, also bear similarities to the micro-plane model
developed by Bazant and co-workers (Bazant and Caner, 2005) as
well as the virtual internal bond model developed by Gao and
co-workers (Gao and Klein, 1998).
In this paper, the granular micromechanics based model for vis-
coelastic materials with damage proposed by the authors (Misra
and Singh, 2013) has been further developed to address the issues
of numerical efﬁciency and multi-axial loading. An explicit time
integration method for the evolution-type constitutive equations
has been derived that signiﬁcantly improves the efﬁciency from
numerical viewpoint. The local inter-granular force laws have been
reﬁned to describe the asymmetry of tensile and compressive re-
sponses. The model has been applied to investigate primary, sec-
ondary and tertiary creep as well as rate-dependent response
under tensile and compressive loading. The model predictions are
compared against experimental behavior for hot mix asphalt. Fur-
thermore, the capability of the model to describe the multi-axial
behavior is demonstrated through parametric study. We have
evaluated the time-to-failure under biaxial creep as well as the
rate-dependent behavior of failure envelopes under biaxial as well
as triaxial loading conditions. The model calculations are also
utilized to investigate the effect of hydrostatic stress upon the
multi-axial failure behavior.
2. Granular micromechanics model
2.1. Rate-dependent inter-granular interactions and average stress
tensor
In granular micromechanics we consider the material to possess
a granular meso-structure as depicted in Fig. 1, where the inter-
granular interactions are modeled to describe the essential sub-
granular scale mechanisms. Under external action, the grains of
the meso-structure may translate or rotate resulting in a relative
displacement between the grains (Chang and Misra, 1990; Misra
and Chang, 1993). As a ﬁrst approximation we ignore the grain
rotations and write the relative displacement, di, between two
nearest neighbor grains n and p as
di ¼ upi  uni ð1Þθ
φ
Fig. 1. Idealized granular meso-structure and inter-granular forces on grain n.where ui = particle displacement; superscripts refer to the interact-
ing particles. The subscripts follow the tensor summation conven-
tion unless noted otherwise. For passage to continuum description
of this discrete model, we utilize the Taylor series expansion of
the displacement such that the displacement of grain p may be
written as:
upi ¼ uni þ uni;j xpj  xnj
 
ð2Þ
where the point of expansion is chosen as the centroid of grain n. In
Eq. (2), ui,j is the displacement gradient, and xnj and x
p
j are the posi-
tion vectors to the centroid of grains n and p, respectively. Thus, the
relative displacement, di, between two nearest neighbor grains n
and p is given by
di ¼ uni;j xpj  xnj
 
ð3Þ
The relative displacement, di, between two grains may be decom-
posed into two components, (1) dn, along unit vector, ni, deﬁned
in the direction of vector xpj  xnj , termed as the normal direction,
and (2) dw, orthogonal to vector, ni, referred to as shear-direction.
The relative displacement in the normal direction is given by, dn =
dini, and the relative displacement in the shear-direction is given
by, dw ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
disið Þ2 þ ditið Þ2
q
, where unit vectors ni, si and ti form a local
Cartesian coordinate system. The vectors si and ti are arbitrarily cho-
sen and lie on the plane perpendicular to the vector ni, such that
ni ¼ hcos h; sin h cos/; sin h sin/i
si ¼ h sin h; cos h cos/; cos h sin/i
ti ¼ h0; sin/; cos/i
ð4Þ
where h and / are shown in Fig. 1.
For a two-body nearest-neighbor interaction with rate-depen-
dent characteristic, the inter-granular force, fi, resultant from the
relative displacement of grains can take the following form
_f iðtÞ ¼ _f iðdj; _dj; fjÞ ð5Þ
where the superimposed dot () denotes time derivative and Eq. (5)
is subject to the additional conditions at jump discontinuities,
which can be assumed to take a linear elastic form as fi ¼ fiðdjÞ. As
in our previous work (Misra and Singh, 2013), we consider the in-
ter-granular interaction in the normal and the shear directions
and express the force functions by the following nonlinear evolu-
tion equations:
fn þ fn _f n ¼ Kndn þ gn _dn
fw þ fw _f w ¼ Kwdw þ gw _dw
ð6aÞ
where the inter-granular stiffness, viscosity, and relaxation param-
eters K, g and f respectively are functions of contact force f and dis-
placement d. We have considered, for simplicity of further
development, the case where the shear terms are decoupled from
the normal terms. It is noteworthy, however, that in this simple
case as well, the normal stresses and shear stresses are generally
coupled at the RVE scale as will be shown later through examples.
The inclusion of coupling terms for the inter-granular interactions
can further enrich the RVE scale behavior. For future reference,
Eq. (6) can also be written in an alternate form in terms of the retar-
dation time, snd, and the relaxation time, snf, as follows:
fn ¼ KnðtÞdnðtÞ þ sndðtÞKnðtÞ _dnðtÞ  snf ðtÞ _f nðtÞ
fw ¼ KwðtÞdwðtÞ þ swdðtÞKwðtÞ _dwðtÞ  swf ðtÞ _f wðtÞ
ð6bÞ
The retardation time, snd, and the relaxation time, snf, are deﬁned by
considering solutions of Eq. (6a) subjected to step force or displace-
ment as given in Appendix.
Fig. 2. Rheological model assumed for the inter-granular interactions.
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(RVE) consisting of a sufﬁciently large number of grains can be ob-
tained in terms of the inter-granular force, fj, under certain simpli-
fying assumptions as (Chang and Misra, 1989; Magoariec et al.,
2008; Misra and Singh, 2013)
rij ¼ Nl
Z 2p
0
Z p
0
fjðh;/Þniðh;/Þnðh;/Þ sin hdhd/ ð7Þ
where N is the number density of pair interactions, l is the average
grain size, ni is a unit vector expressed in terms of the spherical
coordinates (h,/), and n(h,/) is a directional probability density
function such that the product N n (h,/)sinhdhd/ gives the number
density of pair interactions in the solid angle sinhdhd/. For conve-
nience, we incorporate the factor Nl with the force, fj, such that it
is expressed as a traction and normalize the relative displacement,
di, with l. The units of the stiffness and viscosity in Eqs. (6) and (7)
are appropriately modiﬁed. By combining Eqs. (3), (5), (6) and (12),
we obtain a differential form of rate constitutive relationship (Misra
and Singh, 2013) as follows
rij ¼
Z 2p
0
Z p
0
ðKjknlekl þ gjknl _ekl þ fjk _f kÞninðh;/Þ sin hdhd/ ð8Þ
where we have applied a mean ﬁeld kinematical assumption
(Chang and Misra, 1990; Misra and Chang, 1993) relating the
grain-scale displacement gradient to the overall RVE displacement
gradient such that the localization relationship is:
dk ¼ eklll; and ekl ¼ uðk;lÞ ð9Þ
in which strain ekl is the symmetric part of the displacement gradi-
ent. In general, the inter-granular displacement has a nonlinear
relationship with the displacement gradient. For example, the
grain-scale displacement gradient may be related to the overall
RVE displacement gradient using a ﬂuctuation terms or shift vec-
tors, which have to be determined though energy minimization or
by enforcing grain-scale equilibrium as discussed in Misra and
Chang (1993) or more recently in the context of atomistic modeling
(Jiang et al., 2005). However, for disordered systems, such as those
treated in this work, determination of ﬂuctuation terms is tanta-
mount to obtaining solution of the displacement ﬁeld within a sim-
ulated RVE, which for materials with ill-deﬁned structures, requires
as a ﬁrst step simulation of some ‘‘reasonable’’ microstructure that
are often based upon far reaching assumptions. It is also notable
that nonlinear local kinematic ﬁelds may also imply the need for
including higher gradients at the macro-scale (as in Yang and Misra,
2012) and formulations that account for geometrical changes (as in
Misra et al., 2013), but these approaches need further careful anal-
yses. The mean ﬁeld assumption adopted in this paper considerably
simpliﬁes the derivation of the RVE constitutive law and is able to
describe a number of phenomena exhibited by granular materials
(Misra and Singh, 2013; Misra and Yang, 2010) provided the in-
ter-granular force laws are chosen judiciously. In Eq. (8), the in-
ter-granular stiffness, viscosity, and relaxation tensors are given as
KijðtÞ ¼ KnðtÞninj þ KwðtÞðsisj þ titjÞ
gijðtÞ ¼ gnðtÞninj þ gwðtÞðsisj þ titjÞ
fijðtÞ ¼ fnðtÞninj þ fwðtÞðsisj þ titjÞ
ð10Þ
where the subscripts n and w refer to normal and shear grain inter-
actions, respectively. We observe that the inter-granular force
functions given in Eq. (6) can be schematically represented by 3-
element rheological model depicted in Fig. 2. Based upon the
rheological element shown in Fig. 2, the following expressions are
obtained for the inter-granular stiffness, viscosity and relaxation
behavior:KnðtÞ ¼ E1E2ðtÞE1 þ E2ðtÞ ; gnðtÞ ¼
E1lnðtÞ
E1 þ E2ðtÞ ¼ sndðtÞKnðtÞ; and
fnðtÞ ¼
lnðtÞ
E1 þ E2ðtÞ ¼ snf ðtÞ
KwðtÞ ¼ G1G2ðtÞG1 þ G2ðtÞ ; gwðtÞ ¼
G1lwðtÞ
G1 þ G2ðtÞ ¼ swdðtÞKwðtÞ; and
fwðtÞ ¼
lwðtÞ
G1 þ G2ðtÞ ¼ swf ðtÞ ð11Þ
in terms of the element properties of the rheological model. Dam-
age at the inter-granular scale is modeled by an exponential law
(Misra and Singh, 2013; Misra and Yang, 2010) such that the spring
stiffness, E2 and G2, and the viscosity, ln and lw, are given by:
E2ðtÞ ¼ Ene

dn ðtÞfnðtÞE1
 
Bn


; and G2ðtÞ ¼ Gwe

dw ðtÞfw ðtÞG1
 
Bw


lnðtÞ ¼ ln0e

dnðtÞfn ðtÞE1
 
bBn


; and lwðtÞ ¼ lw0e

dw ðtÞfwðtÞG1
 
bBw


ð12Þ
To model the asymmetric inter-granular behavior under tensile and
compressive actions, we replace the parameters Bn and Bw in Eq.
(12) by anBn and awBw for the tensile case, where 0 6 an < 1 and
0 6 aw < 1. Parameters E1, En, ln0, and Bn describe the elasticity, vis-
cosity and damage behavior of the inter-granular interactions in the
normal direction. Similarly, parameters G1, Gw, lw0, and Bw describe
the inter-granular interactions in the shear direction. We note here
that the parameters Bn and Bw govern the displacement at which
softening commences at the inter-granular scales. In addition,
parameter b determines the displacement at which the viscous ele-
ment begins to lose integrity. Consequently, these parameters also
govern the peak inter-granular forces. Further, since no threshold
is assumed at which the damage begins, the parameters Bn and Bw
and their modiﬁcations anBn and awBw govern the complete force-
displacement response. From Eqs. (6), (11) and (12) we observe that
the inter-granular behavior for Bn = Bw =1 and Bn = Bw = 0 is
bounded between a Zener solid and a Maxwell model.
2.2. Numerical implementation
The inter-granular force law given in Eq. (6) is a nonlinear ﬁrst
order differential equation in force and displacement. In this work
we present following three numerical schemes to solve the nonlin-
ear ﬁrst order differential equations: (a) backward Euler scheme,
(b) backward Euler scheme with constant coefﬁcients and (c)
forward Euler scheme. Implementation of backward Euler scheme
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equation can be solved iteratively and gives accurate results, but
is computationally expensive. In contrast, the implementation of
forward Euler scheme results in explicit expressions, which re-
quires no iterations to obtain force or displacement for a given
loading history. The Euler forward difference method is computa-
tionally fast but is sensitive to step size and becomes unstable at
a critical value of step size. The backward Euler scheme with con-
stant coefﬁcients results in explicit equations, which are both
numerically stable and computationally fast.
2.2.1. Backward Euler method: implicit iterative scheme
For the backward Euler method we discretize the inter-granular
force Eq. (6) in time as follows:
f tn ¼ Ktndtn þ gtn
dtn  dtDtn
 
Dt
 ftn
f tn  f tDtn
 
Dt
ð13Þ
The inter-granular normal force, f tn , at the current time, t, can then
be written in the following form
f tn ¼ Ctndtn þ PtndtDtn þ Qtnf tDtn ð14aÞ
where
Ctn ¼
KtnDt þ gtn
Dt þ ftn
; Ptn ¼ 
gtn
Dt þ ftn
; and Qtn ¼
ftn
Dt þ ftn
ð14bÞ
The second of Eq. (6) can be treated in the same manner such that
f tw ¼ Ctwdtw þ PtwdtDtw þ Qtwf tDtw ð15aÞ
where
Ctw ¼
KtwDt þ gtw
Dt þ ftw
; Ptw ¼ 
gtw
Dt þ ftw
; and Qtw ¼
ftw
Dt þ ftw
ð15bÞ
We note that the coefﬁcients, C, P and Q in Eqs. (14) and (15) are
functions of force, f, and displacement, d, at time, t. Eqs. (14a) and
(14b) are thus nonlinear implicit functions of f and d, and can be ex-
pressed in the following general form after dropping, for conve-
nience, the subscripts n and w, superscript t, and replacing t  Dt
with 0
Rðf ; dÞ  f  Cðf ; dÞd Pðf ; dÞd0  Qðf ; dÞf 0 ¼ 0 ð16Þ
where R(f,d) denotes a residual force.
We now utilize Newton’s method and expand the residual,
R(f, d), in Taylor series as follows
Rðf ; dÞ ¼ R i1f ; i1d þ i1 @R
@d
 	
Ddþ i1 @R
@f
 	
Df ð17Þ
where the right superscript, i  1, refers to the iteration step and the
terms of order 2 or higher have been omitted. Combining Eqs. (16)
and (17), we get
1 i1Rf
 
Df ¼ i1Cþ i1Rd
 
Ddþ i1Ci1dþ i1Pd0þ i1Qf 0 i1f ð18Þ
where
i1Rd ¼ i1 @C
@d
dþ @P
@d
d0 þ @Q
@d
f 0

 
; and
i1Rf ¼ i1 @C
@f
dþ @P
@f
d0 þ @Q
@f
f 0

 
ð19Þ
and the force and displacements at the ith iteration are updated in
the usual manner as
if ¼ i1f þ Df and id ¼ i1dþ Dd ð20Þ
When purely strain-controlled loading is speciﬁed, the localization
relationship given in Eq. (9) can be used to ﬁnd the increment of in-
ter-granular displacement Dd. The iterative scheme in Eq. (18) isthen utilized to ﬁnd the inter-granular forces at time t, and subse-
quently, the RVE stress from Eq. (7). On the other hand, when purely
stress-controlled or mixed stress–strain controlled loading is spec-
iﬁed, a different approach is taken. In this case, an incremental
stress for small deformation case is deﬁned from Eq. (7) as follows:
Drij ¼ Nl
Z 2p
0
Z p
0
Dfjðh;/Þniðh;/Þnðh;/Þ sin hdhd/ ð21Þ
Combining Eqs. (18) and (21), the following relationship is obtained
between incremental stress and strain for the ith iteration:
Drtij¼ i1~CtijklDetklþ i1C^tijkli1etklþ i1P^tDtijkl etDtkl þ i1 ~rtDtij  i1r^tij ð22Þ
In Eq. (22), the coefﬁcients are given as
i1~Ctijkl ¼
Z 2p
0
Z p
0
i1Ctn þ i1Rnd
1 i1Rnf
  njnk þ i1Ctw þ i1Rwd1 i1Rwf  ðtjtk þ sjskÞ
 !
 ninlnðh;/Þ sinðhÞdhd/ ð23aÞ
i1C^tijkl ¼
Z 2p
0
Z p
0
i1Ctn
1 i1Rnf
 njnk þ i1Ctw1 i1Rwf  ðtjtk þ sjskÞ
 !
 ninlnðh;/Þ sinðhÞdhd/ ð23bÞ
i1P^tijkl ¼
Z 2p
0
Z p
0
i1Ptn
1 i1Rnf
 njnk þ i1Ptw1 i1Rwf  ðtjtk þ sjskÞ
 !
 ninlnðh;/Þ sinðhÞdhd/ ð23cÞ
i1 ~rtij ¼
Z 2p
0
Z p
0
i1Qtnf
tDt
n
1 i1Rnf
 nj þ i1Qtwf tDtwt1 i1Rwf  ðtj þ sjÞ
 !
 ninðh;/Þ sinðhÞdhd/ ð23dÞ
i1r^tij ¼
Z 2p
0
Z p
0
i1f tn
1 i1Rnf
 nj þ i1f tw1 i1Rwf  ðtj þ sjÞ
 !
 ninðh;/Þ sinðhÞdhd/ ð23eÞ
where
i1Rnd ¼ i1 @Cn
@dn
dn þ @Pn
@dn
d0n þ
@Qn
@dn
f 0n

 
; and
i1Rnf ¼ i1 @Cn
@fn
dn þ @Pn
@fn
d0n þ
@Qn
@fn
f 0n

 
ð24Þ
The shear terms i1Rwd and i1Rwf are deﬁned in a similarmanner.
Eq. (22) can be used to determine the unknown strain-increments,
and subsequently, the increments of inter-granular displacements
and the inter-granular forces.
2.2.2. Backward Euler method with constant coefﬁcient: semi-implicit
non-iterative scheme
The above iterative scheme can be computationally intense, espe-
cially from the point of view of implementation into numerical
schemes for initial-boundary value problems (IBVP) and a non-itera-
tive scheme is desirable. To this end, we observe from Eq. (18) that
i1RfDf and i1RdDd contain product terms aswell terms proportional
toDt2, which, for sufﬁciently small loading increments andDt, can be
negligibly small compared to the remaining terms. In this case Eq.
(18) is simpliﬁed and the coefﬁcients C, P and Q are evaluated at pre-
vious time step t = t  Dt after ignoring the subsequent iterations:
f t ¼ f tDt þ Df ¼ CtDt dtDt þ Dd þ PtDtdtDt þ QtDt f tDt ð25Þ
Substituting the inter-granular force from Eq. (25) into Eq. (7) we
get a non-iterative semi-implicit form of the stress–strain relation-
ship at time t
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In Eq. (26), the coefﬁcients are given as
CtDtijkl ¼
Z 2p
0
Z p
0
CtDtn njnk þ CtDtw tjtk þ sjsk
  
ninlnðh;/Þ
 sinðhÞdhd/ ð27aÞ
PtDtijkl ¼
Z 2p
0
Z p
0
PtDtn njnk þ PtDtw tjtk þ sjsk
  
ninlnðh;/Þ
 sinðhÞdhd/ ð27bÞ
~rtDtij ¼
Z 2p
0
Z p
0
QtDtn f
tDt
n nj þ QtDtw f tDtw tj þ sj
  
ninðh;/Þ
 sinðhÞdhd/ ð27cÞTable 1
Summary of model parameters.
Model
parameters
Model evaluation (Sections 3.1
and 3.3)
Parametric studies
(Section 3.4)
E1, GPa/m 2.4 4.0
En, GPa/m 0.3 1.7
snd (0), s 57 52
swd (0), s 57 52
an = aw 0.175 0.2
b 3.8 5.0
G1, GPa/m 0.8E1 E1
Gw, GPa/m En 0.5En
Bw 14.3  103 5.0  103
Bn Bw Bw2.2.3. Forward Euler method: explicit scheme
For the forward Euler method we discretize the inter-granular
force Eq. (6) in time as follows:
f tn ¼ Ktndtn þ gtn
dtþDtn  dtn
 
Dt
 ftn
f tþDtn  f tn
 
Dt
ð28Þ
Eq. (28) is rearranged and the inter-granular normal force, f tþDtn , at
time, t + Dt, is written in the following form
f tþDtn ¼ CtndtþDtn þ Ptndtn þ Qtnf tn ð29aÞ
where
Ctn ¼
gtn
ftn
; Ptn ¼
KtnDt  gtn
ftn
or
Dt  stnd
ftn
Ktn; and
Qtn ¼ 1
Dt
ftn
or
stnf  Dt
stnf
Ktn ð29bÞ
Similar expression is obtained for shear force, f tþDtw , at time, t + Dt.
Thus from Eq. (7), we obtain the stress–strain relationship as:
rtþDtij ¼ CtijkletþDtkl þ Ptijkletkl þ ~rtij ð30Þ
In Eq. (30), the coefﬁcients are given as
Ctijkl ¼
Z 2p
0
Z p
0
Ctnnjnk þ Ctw tjtk þ sjsk
  
ninlnðh;/Þ
 sinðhÞdhd/ ð31aÞ
PtDtijkl ¼
Z 2p
0
Z p
0
Ptnnjnk þ Ptw tjtk þ sjsk
  
ninlnðh;/Þ
 sinðhÞdhd/ ð31bÞ
~rtij ¼
Z 2p
0
Z p
0
Qtnf
t
nnj þ Qtwf tw tj þ sj
  
ninðh;/Þ sinðhÞdhd/ ð31cÞ
The difference in the coefﬁcients in Eqs. (30) and (27) are quite
notable. In the explicit scheme based upon forward Euler discreti-
zation, the coefﬁcients P and Q represent the difference between
the time increment Dt and the nonlinear retardation or relaxation
times, respectively. Therefore, this scheme is highly sensitive to the
choice of the time increment, particularly for nonlinear problems
with evolving retardation and relaxation times.
3. Results and discussion
The above model and numerical schemes are evaluated for the
particular nonlinear inter-granular force model that can describe
rate-dependent damage and softening given in Eqs. (11) and (12).
In the subsequent discussion, we ﬁrst present the calibration andparameter identiﬁcation procedure and then (1) compare the three
numerical schemes, (2) evaluate the model applicability by com-
parison with experimental results, and (3) demonstrate model
capability to predict material behavior under multi-axial loading
through parametric studies.3.1. Comparison of numerical schemes
The accuracy of the three numerical schemes was evaluated for
constant strain-rate conﬁned uniaxial compressive loading condi-
tion (e11 = 0.0005/s, e22 = e33 = 0) using the following model param-
eters (see also Table 1): G1 = 0.8E1, Gw = En, ln = lw, and
Bn = Bw = 14.3  103, where E1 = 2.4 GPa/m, En = 0.3 GPa/m,
snd(0) = 57 s, snf(0) = 6.33 s, an = aw = 0.175 and b = 3.8. A number
simulations were performed by varying Dt/snd(0) from 0.02 to
0.5. The insert in Fig. 3 shows the stress–strain curve for the case
Dt/snd(0) = 0.22, while Fig. 3 gives the error (L2 norm) in peak stress
(r11) at different value of time-step Dt/snd(0). The L2 norm of peak
stress error is calculated using the following expression
L2 ¼
r011  r11
 2
r011
 2 ð32Þ
where r011 is the true peak stress calculated using backward implicit
scheme with very small Dt/snd(0) = 0.02. If we compare the results
of the three schemes in Fig. 3, L2 norm increases with the increase
in time step Dt/snd(0) for all numerical schemes, which indicates
divergence from the true solution. Among three numerical methods,
the forward Euler scheme diverges rapidly at certain Dt/snd(0) and
becomes unstable at Dt/snd(0) = 0.22, at which solutions begins to
oscillate as shown by the stress–strain curves in Fig. 3 insert. This
instability is caused by the coefﬁcients Pn and Qn changing sign in
Eq. (27b) at the critical Dt/snd(0). On the other hand, the explicit
backward Euler scheme with constant coefﬁcients is stable and rea-
sonably accurate for up to large Dt/snd(0). Although, the backward
Euler scheme has the least error, it is computationally expensive
since the solution requires a large number of iterations. In this case,
the simulation of creep or stress relaxation behavior over long time
span for structural components or other geometrically complex
boundary value problems can become computationally prohibitive
when each element is modeled with large number of integration
points in the h–/ spherical coordinates. For example in a ﬁnite ele-
ment model with one thousand linear strain elements under plane
strain or plane stress conditions there are 144,000 nonlinear equa-
tions need to be solved at a given time step with 72 integration
points in the h–/ spherical coordinates. For constant strain-rate
conﬁned uniaxial compressive loading condition, the time taken
by the implicit backward Euler scheme is 200 times that of the ex-
plicit backward Euler scheme on a desktop computer using Matlab
programming environment. Therefore, for computational efﬁciency,
Fig. 3. The L2 norm of error in peak stress r11 (max) plotted against normalized
time increments (inset is the uniaxial stress–strain curves).
Fig. 5. (a) Normal and (b) shear force distribution in the uniaxial compressive creep
test corresponding to the creep curve under 1.0 MPa in Fig. 4(a).
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backward Euler scheme with constant coefﬁcients.
3.2. Calibration and identiﬁcation of model parameters
The model applicability is evaluated by comparing the model
prediction with the experimentally measured behavior for hot-
mix asphalt (HMA) concrete under uniaxial unconﬁned creep and
constant strain-rate loading in compression and tension, respec-
tively, at a constant temperature of 20 C (Darabi et al., 2011).
The model parameters were ﬁrst calibrated using the experimental
creep data under compressive axial stress r11 = 1.0 MPa
(r22 = r33 = 0). First, the normal and shear stiffness and viscosity
parameters E1, G1, Gw, En, ln and lw, were obtained by reducing
constitutive equation to linear viscoelastic by assuming Bn = Bw =
1 and ﬁtting the reduced equation to the initial portion (ﬁrst
100 s) of the experimental creep curve. Thereafter, damage param-
eters Bn, Bw and bwere introduced into the model and optimized to
match the complete creep response curve. To account for the
asymmetric inter-granular behavior under tension and compres-
sion, parameter an and aw were included in the model and identi-
ﬁed using the tensile creep data at 0.3 MPa stress amplitude.
3.3. Comparison of model predictions with experiments
The calibrated parameters were used to obtain the model pre-
dictions for (1) creep behavior under uniaxial compressive stress
r11 = 1.5 MPa and tensile stresses r11 = 0.3, 0.5 and 0.7 MPa,
respectively, and (2) stress–strain behavior under constant uniax-
ial strain rates of e11 = 0.005/s, 0.0005/s and 0.00005/s for compres-
sive loading and e11 = 0.0167/s and 0.00167/s for tensile loading,
respectively.0 500 1000 1500 2000 2500
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%
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(a)
Fig. 4. Comparison of measured and predicted creep curve for aspha3.3.1. Creep behavior
In our calculations for the uniaxial unconﬁned creep test, the
axial stress was applied as r11 = r0 and lateral stress were speciﬁed
as zero, r22 = r33 = 0. For the uniaxial unconﬁned constant strain-
rate test, the loading was applied as follows: e11 = e0t, and lateral
stress were speciﬁed as zero, r22 = r33 = 0. The following model
parameters were found from calibration (see also Table 1):
G1 = 0.8E1, Gw = En, ln = lw, and Bn = Bw = 14.3  103, where0 100 200 300 400 5000
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Fig. 6. Measured and calculated stress–strain curves under uniaxial constant strain rate: (a) and (c) normalized r11 versus e11 in compression and tension respectively, (b)
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aw = 0.175 and b = 3.8. The experimental, calibrated and predicted
creep curves for compressive loading are shown in Fig 4(a), while
the experimental and predicted creep curves for tensile loading
are shown in Fig 4(b). The model not only replicates the primary,
secondary and tertiary creep followed by creep failure shown by
the calibration curve, but predicts well the creep behavior under
the compressive and tensile loading. We note however that the
discrepancy in the quantitative agreement with the measurements
at stress-levels of 0.5 and 0.7 MPa under tensile loading. In addi-
tion to the usual uncertainty associated with testing of this type
(such as heterogeneity between samples and non-uniform gripping
conditions), we believe this discrepancy can be partly attributed to
the initial loading conditions, that is the rate at which the load was
ramped to the required test stress-levels, and partly to the varying
characteristic time at different loading-levels.
Further we ﬁnd it useful to examine how the inter-granular
forces evolve during the creep process. As illustration, Fig. 5(a)
and (b) shows the force in the normal and shear directions in var-
ious selected inter-granular orientations as function of time corre-
sponding to the creep curve under compressive axial stress
r11 = 1.0 MPa given in Fig. 4(a). Since the loading is axi-symmetric,
the inter-granular forces are independent of, /. Thus, each curve in
Fig. 4 refers to h measured with respect to the loading direction-1
(see Fig. 1 for deﬁnition of h, and /). For clarity, polar diagrams in
h-coordinate of the normal and shear inter-granular forces are also
included at selected times. Upon the onset of creep load, the inter-
granular normal forces are the highest in the orientations closer to
the loading direction, while the inter-granular shear forces are
highest in the h = p/4 direction. However, as loading progresses
the spring stiffness E2 and G2 in the directions receiving higher
forces undergo damage and softening, resulting in a progressive
crossover of directions that are required to sustain larger forces.
Clearly, these normal and shear force distributions cannot be ob-
tained by simple traction localization given as rijnj, and the results
indicate that traction localization schemes need to incorporate fab-
ric tensors and their evolution. Furthermore, these results indicate
that the material will progressively develop damage or loading in-
duced anisotropy. Such effects that manifest due to granular natureof materials are not easily represented by phenomenological
constitutive relationships based upon the concepts of traditional
Cauchy mechanics that seek correlations between stress and strain.3.3.2. Monotonic behavior
Measured and calculated normalized stress–strain curves and
peak stresses for two strain rates under compressive and tensile
loading are given in Fig. 6(a)–(d). With the increase in the strain
rate, the predicted stress–strain curves are found to shift towards
the left for compression, and right for tension test as seen in
Fig. 6(a) and (c). Also both the predicted and calculated peak stres-
ses are observed to increase with strain rate. Such behavior is
expected for rate-dependent material and indicates that at higher
strain rates the material is stiff, brittle and fails at higher stress
(see for example the experimental results on Huanglong limestone
presented in Zhou et al. (2009)). The peak stress is particularly
found to be sensitive to the initial retardation and relaxation times
snd(0) and snf(0), as shown by the model predictions in Fig. 6(b) and
(d) at snd(0) varying from 2.85 s to 28.5 s (corresponding to the
relaxation times snf(0) = 0.32 s to 3.2 s). The initial retardation
(a)
(b)
(c)
Fig. 8. Creep time-to-failure plots: (a) 3d surface plot, (b) top view, and (c) side
view.
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Fig. 9. Example stress–strain curves under biaxial loading: (a) r11:r22 = 1.0:0.0,
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provide a good match for the peak stress measurements for the
compression and tension tests, respectively. It is instructive to
compare these retardation (relaxation) times to the time required
for reaching the peak stress in the measurements, which are found
to be 65 s–650 s for the two compression tests and 0.18 s–1.8 s for
the two tension tests, respectively. From this comparison it ap-
pears that a smaller characteristic time is associated with the
material response for tensile loading as opposed to compressive
loading and that the characteristic time may be dependent upon
loading-rate. Classically, the varying rate effects in hot mix asphalt
(HMA) materials have been modeled using Prony series with terms
spanning 4 to 5 decades in characteristic times (Darabi et al.,
2011). The fundamental mechanisms that govern the predicted
asymmetric tensile-compressive rate-dependent characteristic re-
sponse time for these materials are unclear. However, these mech-
anisms are likely connected to the composition of HMA which
consists of a highly compliant and viscous solid binder derived
from complex hydro-carbons that binds together irregular shaped
rock aggregates of a broad size distribution.
3.4. Parametric evaluation of multi-axial rate-dependent failure
behavior
In this parametric study, the values of model parameters used
were as follows (see also Table 1): E1 = G1, Gw = 0.5En, ln = lw,
and Bn = Bw = 0.005, where E1 = 4 GPa/m, En = 1.7 GPa/m,
snd(0) = 52 s, an = aw = 0.2 and b = 5. Model calculations were per-
formed to study time-to-failure under biaxial creep, effect of load-
ing rate on failure envelopes under biaxial and triaxial loading, and
evolution of failure envelope as a function of hydrostatic stress.
3.4.1. Biaxial creep behavior
Material can fail below its critical failure strength under creep
load as shown in Fig. 7. For obtaining the creep behavior under
biaxial loading, the axial stress, r11, and the lateral stress, r22, were
applied as follows: r11 = Acos(c), r22 = Asin(c) and r33 = 0, where A
is the loading stress-level, and c is constant between 0 and 2p. We
note that different values of c correspond to different proportional-0.05 -0.025 0 0.025 0.05 0.075 0.1
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(b) r11:r22 = 1.0:0.0, (c) r11:r22 = 1.0:0.5, and (d) r11:r22 = 1.0:0.5.
Fig. 10. Predicted biaxial failure envelope: (a) effect of damage (b) effect of loading rate.
(a)
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norm of stress
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r211 þ r222
q
¼ A. The time-to-failure is identiﬁed as
the time taken for the norm of strain to reach 10%. The time-to-fail-
ure is plotted as a point corresponding to each proportional loading
condition. The resultant point cloud is ﬁtted using a smooth sur-
face as shown by the ‘hat’ shaped surface cutoff at 3000 s. Plots
of 3d surface, top and side view of 3d surface are given in
Fig. 7(a)–(c). At larger stress amplitude, failure time is very small
as expected. With decrease in stress time-to-failure increases,
and below a critical value of stress the time-to-failure becomes
very large and approaches inﬁnity. In this study, we cease further
computations beyond 3000 s, thus the time-to-failure surface has
a cutoff at that time (see Fig. 8).-2.75 MPa
-1.00 MPa
0.50 MPa
1.50 MPa
(b)
Fig. 11. Predicted triaxial failure envelopes: (a) 3d failure surface, and (b) failure
plot on p-plane at different hydrostatic stress.3.4.2. Biaxial and triaxial behavior under constant loading rate
For computing the biaxial behavior, the axial stress, r11, and the
lateral stress, r22, are varied at a constant rate such that,
r11 = tAcos(c), r22 = tAsin(c) and r33 = 0, where A is the loading
rate, c is constant between 0 and 2p, and t is the time. We note that
different values of c correspond to different proportional loading
paths in the biaxial stress plane r11–r22 such that the norm of
stress for all paths follows
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r211 þ r222
q
¼ At. Fig. 9(a)–(d) give illus-
trative examples of the stress–strain curves that are obtained for
the cases of r11:r22 = 1.0:0.0, 1.0:0.0, 1.0:0.5 and 1.0:0.5,
respectively. As expected, asymmetric stress–strain behavior is ob-
served under purely tensile versus purely compressive loading.
Further in this paper, the failure is identiﬁed as the stress state
at which the norm of strain 10%, although other failure criterion
based upon combinations of invariants can be also adopted (Yu,
2002) or detected using instability criterion (Misra and Poorsolh-
jouy, 2013). The stress-state corresponding to failure is plotted
on the stress plane r11–r22 to obtain the failure envelopes shown
in Fig. 10(a) and (b). Fig. 10(a) shows the failure envelops for vary-
ing parameter Bn at a constant loading rate of 2 kPa/s. The failure
plots are not symmetric in tension and compression, because fail-
ure strength in tension is much smaller when compared to com-
pression. Furthermore if rate of loading is kept constant and
damage is increased by decreasing the parameter Bn, failure enve-
lope becomes smaller, indicating smaller strength with larger dam-
age. Moreover for constant parameter Bn, a failure envelope shrinks
with decrease in rate of loading as shown in Fig 10(b). Larger enve-
lope with higher loading rate is expected, because of delayed
damage.
Similarly for computing the triaxial behavior, the axial stress,
r11, and the lateral stress, r22, are varied at a constant rate such
that, r11 = tAcos(c)sin(u), r22 = tAsin(c)sin(u) and r33 = tAcos(u),where A is the loading rate, t is the time, c and u are constants be-
tween [0  2p] and [0  2p], respectively such thatﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r211 þ r222 þ r233
q
¼ At. If u = p/2, then the biaxial stress-path is
recovered. Again the failure was identiﬁed as the stress state at
which the norm of strain 10%. The stress-state corresponding to
failure is plotted as a point cloud on the stress space r11–r22–r33
and ﬁtted using nearest-neighbor interpolation to obtain the fail-
ure envelopes shown in Fig. 11(a). For ease of understanding, the
triaxial failure envelopes can also be presented on the so-called
Fig. 12. Effect of loading rate on 3d failure surface along with failure plots on p plant at zero hydrostatic stress.
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the 3-dimensional stress-space at different value of hydrostatic
stresses as shown in Fig. 11(b). These failure envelopes at ‘‘p plane’’
are generated by the intersection of the ﬁtted 3d failure envelope
in Fig. 11(a) with a plane parallel to hydrostatic axis at different
levels of hydrostatic stress. These intersections are illustrated by
different colored rings on triaxial failure envelope in Fig. 11(a)
and plotted on the p plane in Fig. 11(b). We observe that the shape
of the failure envelope on the p plane evolves with increasing
hydrostatic stress from nearly circular to triangular with rounded
corner. This evolution is in variance with the classical failure crite-
ria that maintain their shapes on the p plane (Yu, 2002). Further, as
with the biaxial behavior, larger 3d failure surface is obtained for
the faster loading rate as shown in Fig. 12.
4. Summary and conclusions
We have previously presented a framework for developing con-
stitutive equation for non-linear rate dependent materials with
microscopic damage using granular micromechanics approach
(Misra and Singh, 2013). The current work presents alternative for-
mulations for numerical implementation and the reﬁnement of the
local inter-granular force laws to describe the asymmetry of tensile
and compressive responses for the developed granular microme-
chanics model. We note that the inter-granular force functions
used in the current work for rate dependent materials involve non-
linear coefﬁcients which depend upon both the inter-granular
force and displacement. Hence, the resulting constitutive equation
obtained from granular micromechanics approach is an implicit
nonlinear evolution equation. The numerical solution of such equa-
tion under applied overall stress or strain loading can entail signif-
icant computational expense. Consequently, computation can
become extremely time intensive when modeling structural com-
ponents. The alternative formulation presented in this paper based
upon backward Euler method with constant coefﬁcients allows for
explicit scheme that can improve the model numerical efﬁciency.For the validation and veriﬁcation, the model predictions are
compared against experimental behavior for hot mix asphalt. In
particular the model has been applied to investigate primary, sec-
ondary and tertiary creep as well creep failure behavior under ten-
sile and compressive loads. Also the model is able to capture effect
of strain rate on the peak stress and corresponding strain for as-
phalt concrete for both compressive and tensile loading regimes.
Further, the model capability to describe multi-axial behavior
was demonstrated through parametric studies of time-to-failure
under biaxial creep as well as the rate-dependent behavior of fail-
ure envelopes under biaxial as well as triaxial loading conditions.
The advantage of the approach presented here is that we can pre-
dict the multi-axial effects without resorting to complex phenom-
enological modeling. Moreover, the presented approach can model
loading induced material anisotropy, accelerated stress relaxation,
secondary creep and creep rupture, dilation and pressure sensitiv-
ity. These rate-dependent characteristics are widely observed for
materials such as Portland cement paste, asphalt concrete, frozen
soils, cross-linked polymers, sands, glacial sediments, clays and
rocks (see for example Kuhn and Mitchell, 1993; Lade et al.,
2009; Zhou et al., 2009) and are often a manifestation of the gran-
ular/discrete nature of materials. In addition, the developed
homogenization approach can be extended to derive constitutive
relations for enhanced continuum models, such as those for high-
er-gradient or micro-polar theories (Alibert et al., 2003; Chang
et al., 2002; Chang and Ma, 1992; Seppecher et al., 2011; Yang
and Misra, 2012), that are necessary for describing phenomena
requiring inherent length scales. In our future work, the model will
be extended to incorporate unloading to describe stress-relaxation
following creep and other cyclic loading phenomena.Acknowledgement
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To deﬁne the retardation time, snd, and the relaxation time, snf,
we consider the solutions of Eq. (6a) with constant coefﬁcients un-
der step force f on or displacement d
o
n as follows
dn ¼ f on
fn
gn
 1
Kn

 
exp  t
snd

 
þ 1
Kn
 	
fn ¼ don
gn
fn
 Kn

 
exp  t
snf

 
þ Kn
 	 ð33Þ
where snd ¼ gnKn and snf ¼ fn. Clearly, the retardation time is the char-
acteristic time required to reach an asymptotic displacement under
step force (creep), while relaxation time the characteristic time
required to reach an asymptotic force under step displacement
(relaxation). Since the Eq. (6a) for normal and shear directions have
the same form, similar set of solutions can be found for the shear
directions.
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